Kerr-Gauss-Bonnet Black Holes: An Analytical Approximation 
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Gauss-Bonnet gravity provides one of the most promising frameworks to study curvature correc- 
tions to the Einstein action in supersymmetric string theories, while avoiding ghosts and keeping 
second order field equations. Although Schwarzschild-type solutions for Gauss-Bonnet black holes 
have been known for long, the Kerr-Gauss-Bonnet metric is missing. In this paper, a five dimen- 
sional Gauss-Bonnet approximation is analytically derived for spinning black holes and the related 
thermodynamical properties are briefly outlined. 
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I. INTRODUCTION 

In any attempt to pcrturbativcly quantize gravity as 
a field theory, higher-derivative interactions must be in- 
cluded in the action. Such terms also arise in the effec- 
tive low-energy action of string theories. Furthermore, 
higher-derivative gravity theories are intrinsically attrac- 
tive as in many cases they display features of renor- 
malizability and asymptotic freedom. Among such ap- 
proaches, Lovelock gravity [l| is especially interesting as 
the resulting equations of motion contain no more than 
second derivatives of the metric, include the self interac- 
tion of gravitation, and are free of ghosts when expand- 
ing around flat space. The four-derivative Gauss-Bonnet 
term is most probably the dominant correction to the 
Einstcin-Hilbert action Q when considering the dimen- 
sionally extended Euler densities used in the Lovelock 
Lagrangian which straightforwardly generalizes the Ein- 
stein approach in (4+n)-dimensions. The action there- 
fore reads as: 
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where a is a coupling constant of dimension (length) 2 , 
and G the D— dimensional Newton's constant defined as 
G = 1/M®~ 2 in terms of the fundamental Planck scale 
A/*. Gauss-Bonnet gravity was shown to exhibit a very 
rich phenomenology in cosmology (see, e.g., [3|_and refer- 
ences therein), high-energy physics (see, e.g., [4| and ref- 
erences therein) and black hole theory (see, e.g., @ and 
references therein). It also provides interesting solutions 
to the dark energy problem [f| , offers a promising frame- 
work for inflation p], Q , allows useful modification of the 
Randall- Sundrum model Q and, of course, solves most 
divergences associated with the endpoint of the Hawking 
evaporation process [Io| . 

Either in D-dimensions or in 4-dimcnsions with a dila- 
tonic coupling (required to make the Gauss-Bonnet term 
dynamical), Gauss-Bonnet black holes and their rich 
thermodynamical properties fllj ] have only been stud- 
ied in the non-spinning (i.e. Schwarzschild-like) case. 
Although some general features can be derived in this 
framework, it remains mostly unrealistic as both astro- 
physical black holes and microscopic black holes possibly 
formed at colliders [HI, [H, [3] are expected to be ro- 
tating (i.e. Kerr-like). Of course, the latter - which 
should be copiously produced at the Large Hadron Col- 
lider if the Planck scale is in the TeV range as pre- 
dicted by some large extra-dimension models flol]- are 
especially interesting for Gauss-Bonnet gravity as they 
could be observed in the high-curvature region of Gen- 
eral Relativity and allow a direct measurement of the re- 
lated coupling constant [H . The range of impact param- 
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eters corresponding to the formation of a non-rotating 
black hole being of zero measure, the Schwarzschild or 
Schwarzschild-Gauss-Bonnet solutions are mostly irrele- 
vant. This is also of experimental importance as only a 
few quanta should be emitted by those light black holes, 
evading the Gibbons [Tj| and Page [TjJ arguments usu- 
ally pointed out to neglect the angular momentum of 
primordial black holes. 

It should be underlined that D-dimcnsional spinning 
black hole solutions are anyway very important within 
different theoretical frameworks (e.g., in conservation law 
studies) [IJj]. Thanks to perturbation theory, several at- 
tempts were made [l9[ to derive the solution. In the 
following, we focus on an analytical approach. 



II. 5D SOLUTION 

To investigate the detailed properties of black holes 
in Lovelock gravity, it is therefore mandatory to derive 
the general solution, i. e the metric for the spinning case. 
Unlike the numerical attempts that were presented in 
[20l | for degenerated angular momenta, the present paper 
focuses on the exact solution in 5 dimensions. 

Einstein equations in Gauss-Bonnet gravity with a cos- 
mological constant A read as 
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and the 5-dimensional metric in the sphcrically- 
symmcrtic Kcrr-Schild type can be written as 



ds 2 = dt 2 -dr 2 - (r 2 + a 2 )sin 2flJJ - 
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2dr a sin 2 6d<f>\ + b cos 2 ca 



A = rp 2 (Aal3-p 2 ) 
B = Aarp 2 
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Aa(3{p 2 -r 2 ) - p z {p 2 + r 2 ) 



D = 2r(2r 2 - 3p 2 ) 
E = 2rkp i . 

This equation can be split into 2 relations depending 
respectively only upon (3 and z = (3f3' as independent 
unknown functions. It is then possible to introduce a new 
function /(r, c) where c = a 2 cos 2 8 + b 2 sin 2 9 so that the 
equations are equivalent to the following system: 
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Introducing the new function p(r, c) via the transfor- 
mation 
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the second equation can be solved (with p r = 
dp(r, c) / dr) , leading to : 

z l { f Prd r + 2C 21 a) { ri + c*) = 
2 ar z 

where Cy are constants of integration in the i-th equa- 
tion. This equation can be integrated to obtain: 
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The first equation results in 
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where a simple integration by parts 
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where p 2 = r 2 +a 2 cos 2 8+b 2 sin 2 9 and unknown function 
(3 = (3(r,9). 

The 69 component of Einstein equations reads : 



A(i" + B(3' 2 + CP' + DP + E = 0, 
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leads to: 
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As the same integral combination 
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is involved, the system leads to the quadratic equation: 
a(3 2 - (r 2 + c 2 )f3 

+ C32 + C31- 
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where C%i are new integration constants obtained from a 
combination of C 2 i and Cu- 

Taking into account the asymptotes at infinity (and 
therefore finding the values of the integration constants, 
M being the ADM mass), this leads to 
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where the "-" branch should be chosen so as to recover 
the usual Kerr solution in the limit a — > 0. In case of 
a vanishing rotation (a = b = 0) the obtained solution 
corresponds to one suggested in Rcf . [2l| . When used in 
the metric (|3|) , this leads to the exact Kerr - Gauss - Bon- 
net - (anti) - deSitter solutions of Einstein equations. As 
only the 99 component of the field equations was used to 
derive this result, the compatibility with the other com- 
ponents was carefully checked. Although the equations 
are far too intricate to allow for analytical investigations, 
numerical results show that they arc indeed fulfilled. 



III. TRANSFORMATION TO THE BOYER - 
LINGUIST FORM 

To obtain the value of horizon radius r/j it is necessary 
to transform the metric ^ back to the Boyer-Linguist 
form with: 

dt' = Adt + Bdr + CdO, 
d<p[ = Dd(f>! + Edr + Fd9, 
d(j}' 2 = Dd(t> 2 + Hdr + FdO. 

Taking into account that the processes relevant for ther- 
modynamical investigations take place in the surround- 
ings of the horizon, M/p 2 can be considered as a small 
parameter and used for a Taylor expansion of P as 

. M 8M 2 a 

l 3 ~ — + — " 

p z p b 

The Boyer - Linguist parameterization imposes, as a nec- 
essary condition, vanishing coefficients for non-diagonal 
components except for dtd(f>i and dtdfa- This leads to 
a system of 8 equations with 8 variables. The solutions 



are explicitly the Boyer-Linguist parameterization of the 
Kerr-Gauss-Bonnet metric. 

Solving those equations (without substituting the di- 
rect expression of p(r, 9)), one obtains that: 

i) all the coefficients before the components dOdx, x 
being an arbitrary coordinate vanish automatically, as in 
the classical Kerr case ; 

ii) The coefficients A and D could be set equal to 1 to 
recover the classical case; 

iii) Other coefficients are: 

B = B 1 /B 2 
E = E 1 /E 2 
H = H x jR % 



where 
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E x = -{a 
E 2 = r 4 p 6 
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-8M 2 ab 2 cos 2 9r 2 , 
= +Mr 2 (8Maa 2 cos 2 9 - p 4 a 2 cos 2 6 - p~r~ 
+8Mar 2 - p 4 b 2 + 8Mab 2 
+p% 2 cos 2 9 - 8A/a6 2 cos 2 9) 
= +r 4 p 6 + 8M 2 aa 2 cos 2 9r 2 - Mp 4 a 2 cos 2 9r 2 
+p 6 b 2 r 2 + p 6 b 2 a 2 - Mp 4 r 4 
+r 2 p 6 a 2 + 8M 2 ar 4 - Mp 4 b 2 r 2 
+8M 2 ab 2 r 2 + Mp 4 b 2 cos 2 9r 2 
-8M 2 ab 2 cos 2 9r 2 . 

After substituting those coefficients in the metric © 
and some algebra, the metric becomes: 
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where $ is a coefficient whose vaiue is irrelevant as this 
investigation requires only the denominator of the last 
term (gn component of the metric), which is: 
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IV. THERMODYNAMIC AL PROPERTIES 

For the investigation of the black hole topology, one 
has to study the singular points of the metric component 
gix, i.e. study the zeros of the expression ()17|) : 



(r 2 +a 2 )(r 2 +b 2 )-r 2 p 2 f3 = 0. 
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This is an 8th order equation in p when ft is Taylor ex- 
panded at the lowest order in a. As show in |25| . the 
cosmological constant can change the temperature. In 
the following, we restrict our study to the A = case. 
Using the value of ft given in (fl~5|l . one obtains: 
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where 



M* = r\p & -Aa{r\+a 2 ) 2 {r\ + b 2 ) 2 

+4ar 2 + p\r 2 + +a 2 )(r 2 + +b 2 )+rlp i 

and r + is horizon radius. When a — ► this leads to the 
usual Kerr case. 

It should be underlined that the angle variable 9 is 
included in the expression ([IT))) (as p 2 = r\ + a 2 cos 2 9 + 
b 2 sm 2 9), which indicates a good choice of coordinates. 
To remove this dependence one has to set 9 = ir/4. This 
allows computing the temperature, which requires the 
surface gravity given by: 
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The black hole temperature T can be easily computed 
by T = k,/2tt. The pure Kerr 5D formula, as given in 
12611 . leads to: 
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where A = {r\ + a 2 )(r\ + b 2 )/r\ . 

Fig.l displays the pure Kerr temperature and the Kerr- 
Gauss-Bonnet temperature. As expected, both values be- 
come very close for large masses. They diffcrcr by about 
5% in the limit of very small masses for a = 1 in Planck 
units. 




FIG. 1: Black hole temperature T (y-axis, relative Plank 
values) versus black hole size r+ (x-axis, relative Plank values) 
for pure Kerr case (lower line) and Kerr-Gauss-Bonnet case 
(upper line). 



In the considered case, this leads to 

K=-\(l+ft)lg rr (drft) 2 +g e9 (deft) 2 }\r=r + . (21) 

After the substituting all the values, this formula be- 
comes 



where 
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nil 
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{ftr 2 cos 2 9(a 2 - b 2 ) - (r 2 + a 2 )(r 2 + b 2 ) 

+ftr 2 (r 2 + b 2 ))(^-J^ 

- cos 2 9(a 2 -b 2 ) + (r 2 + b 2 ). 



V. DISCUSSION AND CONCLUSIONS 

If, as suggested by geometrical arguments and by low- 
energy effective superstring theories, Gauss-Bonnet grav- 
ity is a realistic path toward a full quantum theory of 
gravity, then Kerr-Gauss-Bonnet black holes are proba- 
bly among the most important objects to understand the 
physical basis of our World. This article has established 
the solution of Einstein equations in the 5-dimcnsional 
Gauss-Bonnet theory. This allows investigating into the 
details the physics of "realistic" spinning black holes, 
both from a pure theoretical and from a phenomcnolog- 
ical (in the framework of low Planck-scale models) view- 
point. 

Some improvements and developments can be foreseen. 
First, it should be very welcome to obtain the same kind 
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of solutions for any number of dimensions. Unfortunately 
the method introduced in this article is not easy to gen- 
eralize and a specific study should be made for each case. 
Then, it would be interesting to compute the greybody 
factors for those black holes. Following the techniques of 
[HI, it is possible (although not straightforward) to ob- 
tain a numerical solution as soon as the metric is known, 
at least in the A = case. The Kerr-Gauss-Bonnet- 
(Anti)-deSitter situation is more intricate as the metric 
is nowhere flat, requiring a more detailed investigation, 
as suggested in (24|. 



trace of the field equations) with Mathematica suggest 
that this solution is not exact. It could mean that the 
Kerr-Gauss-Bonnct solution should be looked for in a 
wider class of solutions than Kerr-Schild ones. Never- 
theless, our results remain " heuristically" relevant as an 
approximation taking into account the accurate numeri- 
cal checks. 



VI. ADDENDUM 



After the completion of this work, it was pointed out 
by N. Dcruclle that some analytical checks (e.g. on the 



[1] D. Lovelock, J. Math. Phys. 12 498 (1971); J. Math. Phys. 

13 874 (1972). 
[2] B.Zwiebach, Phys. Lett. B 156, 315 (1985). 
[3] C. Charmousis, J.-F. Dufaux, Class. Quant. Grav. 19, 

4671 (2002). 

[4] A. Barrau, J. Grain, S.O. Alexeyev, Phys. Lett. B 584, 
114 (2004). 

[5] S. Alexeyev, M.V. Pomazanov, Phys. Rev. D 55, 2110 
(1997). 

[6] S. Nojiri, S.D. Odintsov, M. Sasaki, Phys. Rev. D 71, 
123509 (2005). 

[7] J.E. Lidsey, N.J. Nunes, Phys. Rev. D 67, 103510 (2003). 
[8] F. Ferrer, S. Rasanen, E-print hep-th/0707.0499. 
[9] J.E. Kim, B. Kyae, H.M. Lee, Nucl. Phys. B 582, 296 
(2000). 

[10] S. Alexeyev, A. Barrau, G. Boudoul, O. Khovanskaya, 
M. Sazhin, Class. Quant. Grav. 19, 4431 (2002). 

[11] R.C. Myers, J.Z. Simon, Phys. Rev. D 38, 2434 (1988). 

[12] T. Banks, W. Fischler, E-print [hep-th/9906038"| 

[13] S. Dimopoulos, G. Landsberg, Phys. Rev. Lett. 87, 
161602 (2001). 

[14] S.B. Giddings, S. Thomas, Phys. Rev. D 65 056010 
(2002). 

[15] N. Arkani-Hamed, S. Dimopoulos, G.R. Dvali, Phys. 
Lett. B 429, 257 (1998). 



[16] G.W. Gibbons, Comm. Math. Phys. 44, 245 (1975). 
[17] D.N. Page, Phys. Rev. D 16, 2402 (1977). 
[18] N.Deruelle, Y.Morisawa, Class. Quant. Grav. 22, 933 
(2005); 

N.Deruelle, " Mass and angular momenta of Kerr-anti-de 

Sitter spacetimes", Preprint: |gr-qc/ 0502072 

S.Deser, I.Kanik, B.Tekin, Class. Quant. Grav. 22, 3383 

(2005). 

[19] G.W. Gibbons, H.Lu, Don N. Page, C.N.Pope, Phys. 

Rev. Lett. 93, 171102 (2004); 

A.N.Aliev, Mod. Phys. Lett. A 21, 751 (2006); 

A.N.Aliev, Phys. Rev. D 75, 084041 (2007). 
[20] S. Alexeyev el al, J. Phys. Conf. Ser. 33, 343 (2006). 
[21] D.C.Boulware, S.Deser, Phys. Rev. Lett. 55, 2656 (1985). 
[22] R.C. Myers, N.J. Perry, Ann. Phys. 174, 304 (1986). 
[23] J. Grain, A. Barrau, P. Kanti, Phys. Rev. D 72, 104016 

(2005). 

[24] P. Kanti, J. Grain, A. Barrau, Phys. Rev. D 71, 104002 
(2005). 

[25] J. Labbe, A. Bar rau, J. Grain, PoS(HEP2005)013, Eprint 

|hep-ph/0511211| 
[26] S.W. Hawking, C.J. Hunter, M. Taylor, Phys. Rev. D 59, 

064005 (1999). 



